Abstract. Let V be a complex vector space with basis {x1, x2, . . . , xn} and G be a finite subgroup of GL(V ). The tensor algebra T (V ) over the complex is isomorphic to the polynomials in the noncommutative variables x1, x2, . . . , xn with complex coefficients. We want to give a combinatorial interpretation for the decomposition of T (V ) into simple G-modules. In particular, we want to study the graded space of invariants in T (V ) with respect to the action of G. We give a general method for decomposing the space T (V ) into simple modules in terms of words in a Cayley graph of the group G. To apply the method to a particular group, we require a homomorphism from a subalgebra of the group algebra into the character algebra. In the case of G as the symmetric group, we give an example of this homomorphism from the descent algebra. When G is the dihedral group, we have a realization of the character algebra as a subalgebra of the group algebra. In those two cases, we have an interpretation for the graded dimensions and the number of free generators of the algebras of invariants in terms of those words.
Introduction
Let V be a vector space over the complex numbers C with basis {x 1 , x 2 , . . . , x n } and G a finite subgroup of the general linear group GL(V ) of V , then
is the ring of polynomials in the basis elements and
is the ring of non-commutative polynomials in the basis elements where we use the notation S d (V ) to represent the d-fold symmetric tensor and V ⊗d = V ⊗ V ⊗ · · · ⊗ V the d-fold tensor space. We will consider the subalgebras S(V ) G ≃ C[x 1 , x 2 , . . . , x n ] G and T (V ) G ≃ C x 1 , x 2 , . . . , x n G as the graded spaces of invariants with respect to the action of G. It is convenient to conserve the information on the dimension of each homogeneous component of degree d in the Hilbert-Poincaré series
The algebra S(V ) G of invariants of G appears in many papers (see [17] and references therein) and several algebraic tools allow us to study this algebra. MacMahon's Master theorem [9] relates the graded character of S(V ) in terms of the action on V by the formula
where q d represents taking the coefficient of q d in the expression to the right and M (g) is a matrix which represents the action of the group element g on a basis of V . Molien's theorem [10] allows us to calculate the graded dimensions of the space S(V ) G of invariants
.
This formula alone is generally not sufficient to explain the simple structure that we see in some of the algebras of invariants. There is a classic result due to Chevalley [3] and Shephard-Todd [15] which says that S(V ) G is a free commutative algebra if and only if G is generated by pseudo-reflections (complex reflections). Furthermore, since the groups generated by pseudo-reflections can be classified [6] , a finite list suffices to describe all the algebras of invariants of these groups. A typical example for this case will be the symmetric group S n acting on the linear span V = L{x 1 , x 2 , . . . , x n } by permutation of the variables. The invariant ring S(V )
Sn is isomorphic to the ring of symmetric polynomials in n variables which is finitely generated by the n invariant polynomials x i 1 + x i 2 + · · · + x i n for 1 ≤ i ≤ n. In the case of the tensor algebra T (V ), there are analogues of MacMahon's Master theorem and Molien's theorem [5] . The graded character can be found in terms by what we might identify as a 'master theorem' for the tensor space,
The analogue of Molien's theorem [5] for the tensor algebra says that
In general, we can say that T (V ) G is freely generated [7, 8] by an infinite set of generators (except when G is scalar, i.e. when G is generated by a nonzero scalar multiple of the identity matrix) [5] . Unlike the case of S(V ) G , no simple general description of the invariants or the generators is known for large classes of groups and these algebraic tools do not clearly show the underlying combinatorial structure of these invariant algebras. One motivation for studying these spaces further is to find a simple and elegant classification of the invariants of classes of groups similar to the Chevalley-Shephard-Todd result.
Our goal is to find a combinatorial interpretation for the graded dimensions and the number of free generators of these algebras of invariants which unifies their interpretations. The main idea is to associate to a G-module V , a subalgebra of the group algebra together with a homomorphism of algebras into the algebra of characters of G. Then we get as a consequence a combinatorial description of the graded dimensions and the free generators of the algebra T (V )
G of invariants of G as paths, or words generated by a particular Cayley graph of the group G. More generally, we describe a general combinatorial method to decompose T (V ) into simple G-modules using those words. To compute the graded dimensions of T (V ) G , it then suffices to look at the multiplicity of the trivial module in T (V ).
At this point, since there is not a general relation between the group algebra and the algebra of characters, we are only able to treat some examples that we decided to present in this paper and the method used gives rise to objects that are a priori not natural in that context. In the case of G as the symmetric group S n on n letters, the main bridge to link the words in a particular Cayley graph of S n to the graded dimensions and the number of free generators of T (V )
Sn is an homomorphism from the theory of the descent algebra [11, 16] . In particular, we compute the graded dimensions and the number of free generators of T (V )
Sn for V being the geometric or the permutation module of the symmetric group S n . When G is the dihedral group or the cyclic group, we have a realization of the algebra of characters as a subalgebra of the group algebra. We then have an interpretation for the graded dimensions and the number of free generators of the algebras of invariants in terms of words generated by a particular Cayley graph. We would be really interested to discover other examples of non-abelian groups G of module V for which a similar method applies. A future paper for the case of Coxeter groups of type B is under construction.
When the group G is generated by pseudo-reflections acting on a vector space V , then if V is a simple G-module, V is called the geometric module. When G is the symmetric group S n and acts on the vector space V spanned by the vectors {x 1 , x 2 , . . . , x n } by the permutation action then G is generated by pseudoreflections, but V is not a simple S n -module. The space C x 1 , x 2 , . . . , x n Sn is known as the symmetric polynomials in non-commutative variables which was first studied by Wolf [18] and more recently by RosasSagan [13] . The dimension of (V ⊗d ) Sn is the number of set partitions of the numbers {1, 2, . . . , d} into at most n parts.
When G is the symmetric group S n but acting on the vector space V spanned by the vectors {x 1 − x 2 , x 2 −x 3 , . . . , x n−1 −x n } (again with the permutation action on the x i ) then this is also a group generated by pseudo-reflections and V is called the geometric module. The algebra T (V )
Sn of invariants is not as well understood. The graded dimensions of T (V )
Sn are given by the number of oscillating tableaux studied by Chauve-Goupil [2] . This interpretation for the graded dimensions has a very different nature to that of set partitions. By applying the results in this paper we find a combinatorial interpretation for the graded dimensions of both these spaces, and many others, which unifies the interpretations of their graded dimensions. Using the tools of the descent algebra and the Robinson-Schensted correspondence we are able to show for instance the following (see Corollary 4.25):
Set s 1 = (12), s 2 = (132), S 3 = (1432), . . . , s n−1 = (1 n · · · 432) as elements of the symmetric group S n in cycle notation. The number of set partitions of the integers {1, 2, . . . , d} into less than or equal to n parts is the number of words of length d in the alphabet {e, s 1 , s 2 , . . . , s n−1 } which reduce to the identity e in the symmetric group.
The paper is organized as follows. In Section 2 is described the general method used to decompose T (V ) into simple G-modules using words in a particular Cayley graph of G. Then we recall in section 3 the definition of a Cayley graph and present a technical lemma that we will need to link the words in a particular Cayley graph of G and the decomposition of T (V ) into simple modules. We also present a lemma needed to link certain words and the number of free generators of the algebra T (V )
G of invariants of G.
We consider in section 4 the particular case of the symmetric group S n . Since the bridge between the words in a particular Cayley graph of S n and the decomposition of T (V ) into simple modules is the theory of Solomon's descent algebra of S n , we will first recall in section 4.3 some of its main results. In section 4.4 is proved the general theorem for the symmetric group and we then make explicit the case of V being the geometric module and the permutation one in sections 4.6 and 4.8 respectively. Each of those two sections are followed by sections which contains some results and applications about the algebras T (V ) Sn of invariants of S n .
Finally in section 5, we apply our general method to the case of the dihedral group D m . We present the general theorem in section 5.3 and in section 5.4 we give some results about the algebra T (V )
Dm of invariants of D m , when V is the geometric module.
General Method
Our goal is to give a combinatorial means of decomposing T (V ) into simple G-modules. If Q is a subalgebra of the group algebra CG and there is a surjective homomorphism from Q into the ring of characters CIrr(G), then the decomposition of (V ⊗d ) into simple modules can be computed by counting paths of length d in a particular Cayley graph of G.
Let us illustrate this method in details with an example. Consider the dihedral group D 3 = s, r | s 2 = r 3 = srsr = e with character table given in Table 1 and let V id , V ǫ and V 1 be the simple D 3 -modules with respectively characters id, ǫ and χ 1 .
{e} {r, r 2 } {s, rs, r 2 s} We would like to give a combinatorial method to decompose any D 3 -module into simple modules using paths in a Cayley graph of D 3 . To this end, we need to find a partition of the elements of D 3 from which we construct a subalgebra of the group algebra Q = L{e, rs, s + r, r 2 + r 2 s}.
Then we associate each basis element of Q to irreducible characters of D 3 . More precisely, we define a surjective algebra morphism θ : Q → CIrr(D 3 ) by θ(e) = id, θ(rs) = ǫ, θ(s + r) =χ 1 , θ(r 2 + r 2 s) = χ 1 , whereχ 1 and χ 1 represent two copies of the character χ 1 . Now if we want to decompose the module (V 1 ) ⊗4 , we consider the Cayley graph of D 3 of Figure 1 , whose vertices correspond to the elements of the group and directed edges to right multiplication by the elements s and r, since the element r + s of Q is sent to the characterχ 1 of V 1 . Then we decorate the vertices with colored irreducible characters and the multiplicity of V 1 in (V 1 ) ⊗4 , for example, will be equal to the number of paths of length four which begin to the vertex labelled by id to one labelled by χ 1 , plus the number of paths from the vertex labelled by id to a vertex labelled byχ 1 therefore (V 1 ) ⊗4 decomposes into simple modules as
In particular, we will see later that the graded dimensions of T (V 1 ) D3 is counted by the paths from the identity to the identity in the graph of Figure 1 . We will also show that the number of free generators of T (V 1 ) D3 as an algebra are counted by the paths from the identity to the identity which do not cross the identity.
Cayley graph of a group
For the use of our purpose, let us recall the definition of a Cayley graph. Let G be a finite group and let S ⊆ G be a set of group elements. The Cayley graph associated with (G, S) is then defined as the oriented graph Γ = Γ(G, S) having one vertex for each element of G and the edges associated with elements in S. Two vertices g 1 and g 2 are joined by a directed edge associated to s ∈ S if g 2 = g 1 s. If the resulting Cayley graph of G is connected, then the set S generates G.
A path along the edges of Γ corresponds to a word in the elements in S. A word which reduces to g ∈ G in Γ is a path along the edges from the vertex corresponding to the identity to the one corresponding to the element g. Such a word is the reduced word corresponding to the group element g with respect to the group relations. We denote by w(g; d; Γ) the set of words of length d which reduce to g in Γ. We say that a word does not cross the identity if it has no proper prefix which reduces to the identity.
We will also consider weighted Cayley graphs. In other words we will associate a weight ω(s) to each element s ∈ S. We define the weight of a word w = s 1 s 2 · · · s r in the elements in S to be the product of the weights of the elements in S, ω(w) = ω(s 1 )ω(s 2 ) · · · ω(s r ). To simplify the image, undirected edges represent bidirectional edges and non-labelled edges represent edges of weight one.
Example 3.1 Consider the symmetric group S n on n letters with identity e and permutations written in cyclic notation. The Cayley graphs Γ(S 3 , {(12), (132)}) and Γ(S 3 , {e, (12), (132)}) are represented in Figure  2 . The next key lemma will allow us to link some coefficients of an element of the group algebra to some words in a Cayley graph of G. 
We want to show that the number of paths of length d from e to σ is equal to c σ . By induction hypothesis, the coefficient c 
Now since the coefficient of σ in γs is one if there is an edge from γ to σ and is zero otherwise, then
The result then follows from the fact that a generator s i of weight ω i > 1 can be seen as a weighted-edge in the Cayley graph of G. (132) to simplify. Then the table below shows that the coefficient of a specific element in the expansion of (e + a + b) 3 coincides with the number of words of length three which reduce to that specific element in Γ.
(e + a + b) Figure 3 and set a = r 2 s, b = r 3 and c = r 3 s to simplify. Then the table below shows that the coefficient of a specific element in the expansion of (2a + 2b + c) 2 coincides with the sum of the weighted words of length two which reduce to that specific element in Γ.
The next general lemma will be used to link the free generators of the invariant algebra of G to words in a Cayley graph of G.
Lemma 3.7 Consider the Cayley graph Γ of the group G and the generating series A σ (q) counting the number of words which reduce to the element σ ∈ G in Γ and B σ (q) counting the number of words which reduce to the element σ ∈ G in Γ without crossing the identity. Then we have the relation
Proof: A path in Γ from the identity vertex to the vertex σ ∈ G can be seen as a concatenation of paths from the identity to the identity which do not cross the identity, and a path from the identity to σ which do not cross the identity
In terms of A σ (q) and B σ (q), this translates into
B σ (q).
Symmetric group S n
We will present in this section the case of the symmetric group S n on n letters by giving a combinatorial way to decompose the tensor algebra on V into simple modules, where V is any S n -module. We will then make explicit the cases of V being the geometric module and V being the permutation one, by means of words in a particular Cayley graphs of S n . We will also give a combinatorial way to compute the graded dimensions of the space T (V ) Sn of invariants of S n , which is the multiplicity of the trivial module in the decomposition of T (V ) into simple modules, and give a description for the number of free generators of
Sn as an algebra. But first let us recall some definition and the theory of the descent algebra which is the bridge between those words and the decompositon of T (V ).
Partitions and tableaux
To fix the notation, recall the definition of a partition. A partition λ of a positive integer n is a decreasing sequence
Visually, each element of λ corresponds to the bottom left corner of a square of dimension 1 × 1 in N × N. A tableau of shape λ ⊢ n, denoted shape(t) = λ, with values in T = {1, 2, . . . , n} is a function t : λ −→ T. We can visualize it with filling each square c of a Ferrers diagram λ with the value t(c). In a natural way, a tableau is said to be injective if the function t is injective. A tableau is said to be standard if it is injective and its entries form an increasing sequence along each row and along each column. We will denote by ST ab n the set of standard tableau with n squares. The Robinson-Schensted correspondence [12, 14] is a bijection between the elements σ of the symmetric group S n and pairs (P (σ), Q(σ)) of standard tableaux of the same shape, where P (σ) is the insertion tableau and Q(σ) the recording tableau. 
Simple S n -modules
Since the conjugacy classes in S n are in bijection with the partitions of n, it is natural to index the simple S n -modules by the partitions λ of n and we will denote them by V λ . In particular, the simple S n -module V (n) is the trivial one and V (n−1,1) the geometric one. Let us consider the Q-linear span V = L{x 1 , x 2 , . . . , x n } on which S n acts by permuting the coordinates. Then we have
. Let X n denote the set of variables x 1 , x 2 , . . . , x n . If we identify T (V ) with Q X n , then
can be identified with Q Y n−1 , where
Solomon's descent algebra of S n
Surprisingly, the key to prove the general result comes from the theory of the descent algebra of the symmetric group which we will recall here. Consider the set I = {1, 2, . . . , n − 1}. The descent set of σ ∈ S n is the set
The Solomon's descent algebra Σ(S n ) is a subalgebra of the group algebra QS n with basis {D K |K ⊆ I} [16] . For a standard tableau t of shape λ ⊢ n define
where Q(σ) corresponds to the recording tableau in the Robinson-Schensted correspondence. Then consider the linear span Q n = L{z t | t ∈ ST ab n }. Note in general that Q n is not a subalgebra of QS n , for n ≥ 4. Define the descent set of a standard tableau t by Des(t) = {i|i + 1 is above i in t}. We can observe that Des(σ) = Des(σ ′ ) if and only if Des(Q(σ)) = Des(Q(σ ′ )) so we get the equality
There is an algebra morphism from the descent algebra to the character algebra θ : Σ(S n ) → QIrr(S n ) due to Solomon [16] . Moreover, there is a linear map [11] θ : Q n → QIrr(S n ) (4.4) defined byθ(z t ) = χ shape(t) , andθ restricted to Σ(S n ) corresponds to θ. Note that this map is not an homomorphism with respect to the internal product on QIrr(S n ), in fact, Q n does not have a corresponding product.
General method for S n
We are developing a combinatorial method to determine the multiplicity of V λ in V ⊗d , when V is any S n -module. For this purpose, we will use the algebra morphism θ : Σ(S n ) → QIrr(S n ) introduced in section 4.3. The next proposition says that this multiplicity is given as some coefficients in f d , when f is an element of the descent algebra Σ(S n ) which is sent to the character χ V of V .
where
Proof 
Now by equation (4.4) and hypothesis,θ(f
Although next theorem is an easy consequence of Lemma 3.3 and Proposition 4.5, it provides us with an interesting interpretation for the multiplicity of V λ in the d-fold Kronecker product of a S n -module. This multiplicity is the weighted sum of words in a particular Cayley graph of S n which reduce to elements σ t , where σ t has recording tableau t of shape λ in the Robinson-Schensted correspondence. Recall that the support of an element f of the group algebra QS n is defined by supp(f ) = {σ ∈ S n |[σ]f = 0}, where [σ]f is the coefficient of σ in f .
where σ t ∈ S n has recording tableau Q(σ t ) = t, Γ = Γ(S n , supp(f )) with associated weight ω(σ) = [σ](f ) for each σ ∈ supp(f ) and w(σ t , d; Γ) is the set of words of length d which reduce to σ t in Γ. In particular, the multiplicity of the trivial module is
Proof: From Proposition 4.5, the multiplicity of
Since by definition σ ∈ supp(z t ) if and only if σ has recording tableau t in the Robinson-Schensted correspondence, the coefficient of z t in f d is also the coefficient of σ t in f d with Q(σ t ) = t and the result follows from Lemma 3.3.
Decomposition of T (V
(n−1,1) ) and words
Since we are particularly interested in the geometric S n -module, we make explicit the following two corollaries respectively of Proposition 4.5 and Theorem 4.6 needed to draw a connection between the multiplicity of V λ in (V (n−1,1) ) ⊗d and words of length d in a particular Cayley graph of S n . The first corollary relates the multiplicity of V λ in (V (n−1,1) ) ⊗d to certain coefficients in the product of the basis element D {1} d of the descent algebra Σ(S n ), where D {1} is the sum of all elements in S n having descent set {1}. The second one relates the multiplicity of V λ in (V (n−1,1) ) ⊗d to words in the Cayley graph of S n with generators (12), (132), . . . , (1 n · · · 432).
Proof: Since the element of the linear span Q n = L{z t | t ∈ ST ab n } of section 4.3
we have θ(D {1} ) = χ (n−1,1) and the results follows from Proposition 4.5.
where σ t ∈ S n has recording tableau t, Γ = Γ(S n , {(12), (132), . . . , (1 n · · · 432)}) and w(σ t , d; Γ) is the set of words of length d which reduce to σ t in Γ. In particular, the multiplicity of the trivial module is equal to the number of words of length d which reduce to the identity in Γ. Example 4.9 Using Corollary 4.7, the S 3 -module (V (2,1) ) ⊗4 decomposes into simple modules as 3 .
These multiplicities can also be computed using Corollary 4.8 in the following way. Consider the Cayley graph Γ = Γ(S 3 , {(12), (132)}) of Figure 6 and write a for (12) and b for (132) to simplify. If we choose These multiplicities can also be calculated using the master theorem for tensor products but it is not as combinatorial as by graphical means. Using the inner product of characters and the character table for S 3 (see Table 2 ) the multiplicities of V (3) , V (2,1) and V (1,1,1) in (V (2,1) ) ⊗4 are respectively computed by (χ (2,1) )
(1,1,1) + 3 (χ (2,1)
Sn
In particular, we have an interpretation for the graded dimensions of the space T (V (n−1,1) ) Sn of invariants of S n in terms of paths which begin and end at the identity vertex in the Cayley graph of S n with generators (12), (132), . . ., (1 n · · · 432). As a corollary of Corollary 4.8, we can show that the dimension of T (V (n−1,1) ) Sn in each degree d can be counted by those words of length d.
Corollary 4.10
The dimension of ((
Sn d is equal to the number of words of length d which reduce to the identity in the Cayley graph Γ(S n , {(12), (132), . . . , (1 n · · · 432)}).
Proof: The dimension of the space of invariants in
⊗d is equal to the multiplicity of the trivial module in (V (n−1,1) ) ⊗d . Then the result follows from Corollary 4.8. Another interesting result is that the number of free generators of the algebra of invariants of S n can be counted by some special paths in the Cayley graph of S n . These are the paths which begin and end at the identity vertex, but without crossing the identity vertex. Since in general the algebra T (V ) G of invariants of G is freely generated [5] , we have a relation between the Hilbert-Poincaré series P (T (V ) G ) and the generating series F (T (V ) G ) whose coefficients count the number of free generators of T (V ) G , which is the following
Example 4.11
Proposition 4.13 The number of free generators of T (V (n−1,1) ) Sn as an algebra are counted by the words which reduce to the identity without crossing the identity in Γ(S n , {(12), (132), . . . , (1 n · · · 432)}).
Proof: Let Γ = Γ(S n , {(12), (132), . . . , (1 n · · · 432)}). Let A e (q) be the generating series counting the number of words which reduce to the identity in Γ and B e (q) the one counting the number of words which reduce to the identity without crossing it in Γ. From Corollary 4.10, we have P (T (V (n−1,1) ) Sn ) = A e (q) and by Lemma 3.7 and equation (4.12), this equals to
So the generating series giving the number of free generators of T (V
Example 4.14 The free generators of T (V (2,1) ) S3 are counted by the number of words which reduce to the identity without crossing the identity in the Cayley graph Γ(S 3 , {(12), (132)}) of Figure 2 . They are {aa}, {bbb}, {abab, baba}, {abbba, baabb, bbaab}, . . . with cardinalities corresponding to the Fibonacci numbers. Indeed, using the analog of Molien's Theorem [5] and Lemma 3.7,
which is the generating series for the Fibonacci numbers.
Decomposition of T (V
) and words
We were also interested by studying the case of the permutation module V (n) ⊕ V (n−1,1) . Like in the case of the geometric one, we can give an interpretation for the decomposition of (V (n) ⊕ V (n−1,1) ) ⊗d in terms of words of length d in the previous Cayley graph of S n , but with adding a loop corresponding to the identity to each vertex of the graph. Let us first make explicit the following corollary of Proposition 4.5 which relates the multiplicity of V λ in (V (n) ⊕ V (n−1,1) ) ⊗d to certain coefficients in the product of the basis element (e + D {1} ) d of the descent algebra Σ(S n ).
we have θ(e + D {1} ) = θ(e) + θ(D {1} ) = χ (n) + χ (n−1,1) and the result follows from Proposition 4.5.
where σ t ∈ S n has recording tableau t, Γ = Γ(S n , {e, (12), (132), . . . , (1 n · · · 432)}) and w(σ t , d; Γ) is the set of words of length d which reduce to σ t in Γ. In particular, the multiplicity of the trivial module is |w(e, d; Γ)|.
Proof: As in the proof of Corollary 4.15, θ(e + D {1} ) = χ (n) + χ (n−1,1) . The weight of each word is one, so the sum
is just the cardinality of w(σ t , d; Γ) and the result follows from Theorem 4.6. We will see later in section 4.9 that the coefficient of the identity in (e + D {1} ) d will also be the number of set partitions of d into less than or equal to three parts because it is the dimension of the homogeneous symmetric polynomials of degree d in three non-commutative variables.
Invariant algebra T (V
We give in the next corollary of Corollary 4.16 the dimension of the homogeneous component of degree d of T (V ) Sn ≃ Q X n Sn in terms of paths in the Cayley graph of S n which begin and end at the identity vertex.
Corollary 4.18 The dimension of ((V
is equal to the number of words of length d which reduce to the identity in the Cayley graph Γ(S n , {e, (12), (132), . . . , (1 n · · · 432)}).
Proof: The dimension of the space of invariants of S n in (V (n) ⊕ V (n−1,1) ) ⊗d ≃ Q X n d is equal to the multiplicity of the trivial module in (V (n) ⊕ V (n−1,1) ) ⊗d . Then the result follows from Corollary 4.16.
Example 4.19 A basis for the space Q x 1 , x 2 , x 3
S3
3 is given by the five following non-commutative monomial polynomials indexed by set partitions of [3] m {{1},{2},{3}} = x 1 x 2 x 3 ,
which agree with the number of words {bbb, aae, aea, eaa, eee} in the letters a = (12), b = (132) and e which reduce to the identity in Γ(S 3 , {e, (12), (132)}) of Figure 2 .
Another interesting result is that the free generators of the invariant algebra are counted by some special paths in the Cayley graph of S n . These are the paths which begin and end at the identity vertex, but without crossing the identity vertex.
Proposition 4.20
The number of free generators of T (V (n) ⊕ V (n−1,1) ) Sn as an algebra are counted by the words which reduce to the identity without crossing the identity in Γ(S n , {e, (12), (132), . . . , (1 n · · · 432)}).
Proof: Follows from Lemma 3.7 and Equation (4.12). with cardinalities corresponding to the odd Fibonacci numbers beginning from the second subset. Indeed, using the analog of Molien's Theorem and Lemma 3.7,
which is the generating series for the odd Fibonacci numbers. ,1) be the permutation module. The algebra T (V ) Sn ≃ Q X n Sn corresponds to the algebra of symmetric polynomials in non-commutative variables [18, 13] with bases indexed by set partitions with at most n parts. That algebra is also freely generated by the set of non-commutative monomial polynomials indexed by non-splittable set partitions with at most n parts [1] . Let 
Applications to set partitions
A set partition A is said to be splitable if A = B • C, where B and C are non empty. In Comtet [4] , we can see that for a fixed k ≥ 0, the ordinary and exponential generating functions giving the number of set partitions with k parts are respectively
where S(l, k) is the Stirling numbers of second kind. Since the dimension of (V ⊗d ) Sn is given by the number of set partitions of [d] wih at most n parts, the ordinary and exponential Hilbert-Poincaré series for T (V )
Sn are repectively given by
From a result of Chauve and Goupil [2] , the exponential Hilbert-Poincaré series of T (V (n−1,1) ) Sn is given byP
Note that when n goes to infinity, we have
which is equal to the generating series giving the number of set partitions without singleton. In other words, the coefficient of q d /d! in e e q −q−1 corresponds to the number of set partitions of d into blocks of size greater that one. We present here a conjecture for a closed formula giving the ordinary Hilbert-Poincaré series of T (V (n−1,1) ) Sn which does not seem to obviously follow from our combinatorial interpretations for the dimensions in terms of words in a Cayley graph of S n .
Conjecture 4.24 The ordinary Hilbert-Poincaré series of T (V
The interpretations in terms of words in a Cayley graph of S n have a different nature to that of set partitions. But from Corollary 4.18 and Proposition 4.20 respectively, we can show for instance the following two corollaries. , {e, (12), (132) , . . . , (1 n · · · 432)}) which reduce to the identity without crossing the identity.
Dihedral group D m
The same kind of results can be observed for other finite groups, for example in the case of cyclic and dihedral groups. We will present in this section the case of the dihedral group D m of order 2m with presentation D m = s, r | s 2 = r m = srsr = e . We will describe a combinatorial way to decompose the tensor algebra on any D m -module V into simple modules by looking to words in a particular Cayley graph of D m . The bridge between those words and the decomposition of the tensor algebra T (V ) into simple modules is made possible via a subalgebra of the group algebra and a surjective morphism from that subalgebra into the algebra of characters. We will also make explicit some results about the algebra
Dm of invariants of D m when V is the geometric module.
Simple D m -modules
For our purpose, let us first list the simple modules of the dihedral group D m .
hence up to isomorphisms, there are k + 3 simple module V id , V γ , V ǫ , V γǫ , and V j , for 1 ≤ j ≤ k − 1, with associated characters id, γ, ǫ, γǫ and χ j (see Tables 3 and 4) . 
hence up to isomorphisms there are k + 2 irreducible representations V id , V ǫ and V j , for 1 ≤ j ≤ k, with associated irreducible characters id, ǫ and χ j (see Tables 3 and 4) . 
Subalgebra of the group algebra RD m
The subalgebra of the group algebra that we will need is constructed in the next two propositions. We will consider two cases, when m is even or odd, and will construct respectively two R-linear spans with surjective algebra morphisms onto the algebra of characters.
For m = 2k even, the linear span
is a subalgebra of the group algebra RD m , and there is a surjective algebra morphism θ : Q → RIrr(D m ) defined by θ(e) = id, θ(rs) = ǫ, θ(r k ) = γ, θ(r k+1 s) = γǫ and θ(y i ) = θ(y i rs) = χ i .
Proof:
The multiplication table of Q is represented by Table 5 . Since χ i χ j = χ j χ i , we can assume j ≥ i and the multiplication table of RIrr(D m ) is represented by Table 6 . is a subalgebra of the group algebra RD m , and there is a surjective algebra morphism θ : Q → RIrr(D m ) defined by θ(e) = id, θ(rs) = ǫ and θ(y i ) = θ(y i rs) = χ i .
Proof: See Table 7 and Table 8 .
General method for D m
In this section is presented the general result for the dihedral groups. To simplify the notation, V
will denote a simple D m -module with character χ (i) and we will write the subalgebra of section 5.2 as Q = L{b i } i∈I , where each element of the basis b i is sent to an irreducible character χ (i) by the algebra morphism θ. Recall also that the support of an element f of the group algebra 
Proof: Let B = {b i } i∈I . Since f d is an element of Q, we can write
On the left hand side, θ(
e rs y i y i rs e e rs y i y i rs rs rs e y i y i rs y j y j rs y j ⋆ ⋆⋆ y j rs y j rs y j ⋆ ⋆⋆ Table 7 : Multiplication table of Q, when m = 2k + 1 is odd. Proof: Let B = {b i } i∈I . From Proposition 5.3, the multiplicity of
Since each element in supp(b i ) has coefficient one, we get [
Moreover, all supports of the b i 's are disjoint so using Lemma 3.3 we get
ω(w).
. By Proposition 5.1, there is a subagebra Q = L{e, r 2 , rs, r 3 s, s + r, r 3 + r 2 s} of RD 4 and an algebra morphism θ : Q → RIrr(D 4 ) defined by
Let f = 2 (r 3 + r 2 s) + r 3 s. Applying θ, the element f 2 = 5 e + 4 rs + 4 r 2 + 4 r 3 s + 2 (s + r) + 2 (r 3 + r 2 s) is sent to (2 χ 1 + γǫ) 2 = 5 id + 4 ǫ + 4 γ + 4 γǫ + 2 χ 1 + 2 χ 1 so the decomposition into simple modules is
Using Theorem 5.4, these multiplicities can be computed by counting weighted words in the Cayley graph Γ = Γ(D 4 , {r 2 s, r 3 , r 3 s}) with weights ω(r 2 s) = ω(r 3 ) = 2 and ω(r 3 s) = 1 of Figure 3 . Set a = r 2 s, b = r 3 and c = r 3 s to simplify. The multiplicities of V id , V ǫ , V γ , V γǫ and V 1 are respectively given by
w∈w(e,2;Γ)
w∈w(rs,2;Γ)
w∈w(r 2 ,2;Γ)
w∈w(r 3 s,2;Γ)
w∈w(r,2;Γ)
Note that the multiplicity of V 1 can also be computed by 
Invariant algebra T (V 1 )

Dm
We were particularly interested in studying the space of invariants of D m in the tensor algebra on the geometric module V 1 and we have the following results. The first one, which gives the graded dimensions of T (V 1 ) Dm in terms of words, is a corollary of Theorem 5.4.
is equal to the number of words of length d wich reduce to the identity in the Cayley graph Γ(D m , {r, s}).
is equal to the multiplicity of the trivial module in (V 1 ) ⊗d and the result follows from Theorem 5.4 since θ(s + r) = χ 1 .
Example 5.7 Consider the dihedral group D 4 acting on R x 1 , x 2 as As for the case of the symmetric group, we also have an interpretation for the free generators of T (V 1 )
Dm as an algebra in terms of words. 
Proof: The Cayley graphs of D 3 , D 4 and more generally D m with generators s and r are represented in Figure 9 . When m goes to infinity, we can visually represent it by the infinite strip of Figure 10 . Then the words which reduce to the identity can be seen as the paths that go from a 0 to a 0 , in addition to the paths from a 0 to a ℓm and from a 0 to a −ℓm , for ℓ ≥ 0. Let us define the generating functions of paths ending on the a i 's side and the one of those ending on the b i 's side as where t counts the level from the starting point and q the length. Solving these equations we get
where c k,ℓ is the number of paths of length k ending at a ℓ and d k,ℓ is the number of paths of length k ending at b ℓ . To get the generating function counting the paths from a 0 to a ℓ of length k, we need to take the coefficient of t ℓ in A(t, q)
Therefore the number of paths from a 0 to a 0 is k≥0 2k−1 k q 2k , the number of paths from a 0 to a ℓm is k≥0 2k+ℓm−1 k q 2k+ℓm and the number of paths from a 0 to a −ℓm is k≥0
is a geometric progression we have the equalities
We also have the two identities
Therefore replacing (5.12) and (5.13) in (5.11) gives
Now substituting (5.14) in (5.10) we get
and using the binomial identity
k , we finally get the desired result
Appendix
The first four tables of this section represent the dimensions of the algebra T (V ) Sn of invariants of the symmetric group, for V the geometric module and the permutation one. Similarly, the last two tables record the dimensions of the algebra T (V )
Dm of invariants of the dihedral group when V is the geometric module. Table 9 : Dimension of ((
Also the number of words of length d which reduce to the identity in Γ(S n , {(12), (132), (1432), . . . , (1 n · · · 432)}). 
